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LESCOP’S INVARIANT AND GAUGE THEORY
PRAYAT POUDEL
Abstract. Taubes proved that the Casson invariant of an integral ho-
mology 3-sphere equals half the Euler characteristic of its instanton Floer
homology. We extend this result to all closed oriented 3-manifolds with
positive first Betti number by establishing a similar relationship between
the Lescop invariant of the manifold and its instanton Floer homology.
The proof uses surgery techniques.
1. Introduction
The Lescop invariant λL(M) is a rational valued invariant of closed ori-
ented 3-manifoldsM defined by Lescop [11] via a combinatorial formula as a
generalization of the Casson invariant [1]. The Casson invariant, while only
defined for integral homology 3-spheres, has a very useful gauge theoretic
interpretation, due to Taubes [16], as half the Euler characteristic of the
instanton Floer homology [5]. We provide a similar interpretation of the Le-
scop invariant for all 3-manifolds with the positive first Betti number using
a version of instanton Floer homology based on admissible bundles. In fact,
our formula matches the one conjectured in the physics literature, where
the Lescop invariant arises as a partition function of the Donaldson-Witten
theory of a 4-manifold of the form S1 ×M , see Marin˜o–Moore [12].
Theorem. LetM be a closed oriented connected 3-manifold with b1(M) ≥ 1,
and let λL(M) be its Lescop invariant. Then there exists an admissible
bundle P over M such that
λL(M) = −
1
2
χ(I∗ (M,P ))−
1
12
|Tor(H1(M))|, if b1(M) = 1, and
λL(M) =
1
2
(−1)b1(M) · |Tor(H1(M))| · χ(I∗ (M,P )), if b1(M) ≥ 2,
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where χ(I∗ (M,P )) stands for the Euler characteristic of the instanton Floer
homology of the pair (M,P ), see Section 2.
In addition, if H1(M) has no 2-torsion, we show that χ(I∗ (M,P )) is
independent of the choice of admissible bundle P hence the above formulas
hold for any admissible bundle P . We conjecture that the same is true for
any M with b1(M) ≥ 1, with or without 2-torsion in its homology.
Still lacking is a gauge theoretic interpretation of the Lescop invariant
for rational homology 3-spheres with non-trivial torsion because there is no
satisfactory definition of instanton Floer homology for such manifolds.
Our proof will proceed by induction on the first Betti number b1(M) of the
manifold and will use the Floer exact triangle [6]. In case M has no torsion
in homology, we will start the induction at b1(M) = 0 and use Taubes’
theorem [16]. In the presence of torsion, due to the aforementioned problem
with defining instanton Floer homology for rational homology spheres, we
will start at b1(M) = 1 and use an extension of Taubes’ theorem due to
Masataka [13].
The paper also contains applications of our main theorem to the singular
instanton knot homology of Kronheimer and Mrowka [9] and to the instanton
homology of two-component links of Harper and Saveliev [7], and an example
explaining the factor |Tor(H1(M))| in the Lescop invariant from a gauge-
theoretic viewpoint.
Acknowledgments. I am immensely grateful to my Ph.D. advisor Dr.
Nikolai Saveliev for his guidance and support. I am also thankful to Dr.
Ken Baker and Dr. Kim Frøyshov for their helpful suggestions.
2. Instanton Floer Homology
Let M be a closed oriented connected 3-manifold and P → M a U(2)-
bundle such that one of the following conditions holds:
(1) M is an integral homology sphere and P is a trivial SU(2)-bundle,
or
(2) b1(M) ≥ 1 and P is a U(2)-bundle whose first Chern class c1(P )
has an odd pairing with some integral homology class in H2(M).
Note that the second Stiefel-Whitney class w2(ad(P )) ∈ H
2(M ;Z2)
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of the associated SO(3)-bundle ad(P ) is then not zero as a map
H2(M)→ Z2.
Both the bundle P and its adjoint bundle ad(P ) will be referred to as
admissible bundles.
Given an admissible bundle P , consider the space C of SO(3)-connections
in ad(P ). This space is acted upon by the group G of determinant one
gauge transformations of P . The instanton Floer homology I∗(M,P ) is the
Floer homology arising from the Chern-Simons function of the space C/G,
see Donaldson [4].
The groups I∗(M,P ) depend on the choice of ad(P ) but not P . They
have an absolute Z2-grading defined as in Section 5.6 of [4]. These groups
also admit a relative Z8-grading, which becomes an absolute Z8-grading if
M is an integral homology sphere. Note that our setup is consistent with
that of Kronheimer and Mrowka [10], Section 7.1. Using their notations,
I∗(M,P ) = I∗(M)w, where w = det (P ) is the determinant bundle of P .
Two main ingredients that go into our calculation of the Euler characteris-
tic of I∗(M,P ) are as follows. The first one is a special surgery presentation
of M as in [11], Lemma 5.1.1.
Lemma 2.1. Let M be a closed connected oriented 3-manifold and b1(M) =
n ≥ 0. Then there exists a rational homology sphere Σ and an algebraically
split n-component link L ⊂ Σ such that M = Σ + 0 · L, each component of
L is null-homologous in Σ, and |H1(Σ)| = |Tor(H1(M))|.
We denote by Σ+ 0 · L the manifold obtained by 0-framed surgery on L.
Similarly, Σ± ℓ will denote the result of (±1)-surgery on knot ℓ.
The second ingredient is a long exact sequence known as the Floer exact
triangle, see [2]. Let Σ be a rational homology sphere and L = ℓ1∪ℓ2 . . .∪ℓn
be an algebraically split link in Σ. If n = 1, we will require that Σ be an
integral homology sphere. Then we have the following Floer exact triangle :
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I∗(Σ + 0 · ℓ1 + . . .+ 0 · ℓn)
 
 ✠
−1
❅
❅■
I∗ (Σ + 0 · ℓ1 + . . . + 0 · ℓn−1) ✲ I∗ ((Σ + 0 · ℓ1 + . . . 0 · ℓn−1)− ℓn)
The admissible bundles P , which are omitted from the notations, have c1(P )
pair non-trivially with the natural homology classes obtained by capping off
a Seifert surface of ℓj by a meridional disk of the surgery. In addition, the
three admissible bundles that show up in the Floer exact triangle match
when restricted to the exterior of the link ℓ1 ∪ · · · ∪ ℓn in Σ. If n = 1, the
bundles P over Σ and Σ− ℓ1 are trivial SU(2)-bundles.
It should be pointed out that we will not use the complete strength of
the Floer exact triangle; all we will derive from it is the following relation
on Euler characteristics:
χ(I∗ (Σ + 0 · ℓ1 + 0 · ℓ2 + . . . + 0 · ℓn)) =
χ(I∗ (Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1)− ℓn)− χ(I∗ (Σ + 0 · ℓ1 + . . . + 0 · ℓn−1)).
The obvious observation that
b1((Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1)− ℓn)) = b1(Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1)
= b1(Σ + 0 · ℓ1 + 0 · ℓ2 + . . . 0 · ℓn)− 1
allows us to proceed via induction on b1(M).
3. Case of b1(M) = 0
If M is an integral homology sphere, then λL(M) = λ(M), which is the
Casson invariant of M , see Section 1.5 of [11]. On the Floer homology
side, we work with the trivial SU(2)-bundle P over M , and denote the
instanton Floer homology by I∗(M,P ). According to Taubes [16], we have
χ(I∗ (M,P )) = 2 · λ(M). Therefore, χ(I∗ (M,P )) = 2 · λL(M).
4. Case of b1(M) = 1
Let k ⊂ Σ be a null-homologous knot in a rational homology sphere Σ.
Choose a Seifert surface F of k, and denote by V its Seifert matrix with
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respect to a basis of H1(F ). The Laurent polynomial
∆k⊂Σ(t) = |H1(Σ)| · det (t
1/2 V − t−1/2 V ⊤)
is called the Alexander polynomial of k ⊂ Σ. Note that ∆k⊂Σ(t) = ∆k⊂Σ(−t)
and ∆k⊂Σ(1) = |H1(Σ)| > 0.
Given a closed oriented connected 3-manifold M with b1(M) = 1, accord-
ing to Lemma 2.1, there exists a null-homologous knot ℓ1 ⊂ Σ in a rational
homology sphere Σ such that M = Σ+ 0 · ℓ1. The Lescop invariant of M is
then equal to
λL(M) =
1
2
∆
′′
ℓ1⊂Σ(1)−
1
12
|Tor(H1(M))|, (1)
see [11], Section 1.5. It is independent of the choice of surgery presentation
of M .
In the special case when Σ is an integral homology sphere, it follows from
the Floer exact triangle and Casson’s surgery formula [1] that
χ(I∗ (M,P )) = χ(I∗ (Σ− ℓ1))− χ(I∗ (Σ)) = 2λ(Σ− ℓ1)− 2λ(Σ)
= 2
(
−
1
2
∆
′′
ℓ1⊂Σ(1)
)
= −∆
′′
ℓ1⊂Σ(1).
Therefore,
χ(I∗ (M,P )) = −2λL(M)−
1
6
|Tor(H1(M))| (2)
as claimed, for the unique admissible SU(2)-bundle P over M . The general
case is handled similarly using the following result.
Proposition 4.1. Let M = Σ + 0 · ℓ1, where ℓ1 is a null-homologous knot
in a rational homology sphere Σ. Then χ(I∗ (M,P )) = −∆
′′
ℓ1⊂Σ
(1) for any
admissible bundle ad(P ) over M whose restriction to the exterior of ℓ1 ⊂ Σ
is trivial.
Proof. If H1(Σ) has non-trivial torsion, the starting point for our calculation
will be the result from [13] which, with our normalization, reads
1
2
χ(I∗ (M,P )) = −λL(Σ + ℓ1) + λL(Σ).
We wish to identify the right hand side of this equation with −12∆
′′
ℓ1⊂Σ
(1).
By Lescop [11],
λL(Σ + ℓ1) =
H1(Σ + ℓ1)
H1(Σ)
· λL(Σ) + FΣ(ℓ1),
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where FΣ(ℓ1) is defined by equation 1.4.8 in [11]. Since |H1(Σ + ℓ1)| =
|H1(Σ)|, we conclude that λL(Σ + ℓ1) = λL(Σ) + FΣ(ℓ1) and therefore
1
2
χ(I∗ (M,P )) = −FΣ(ℓ1).
A straightforward calculation of FΣ(ℓ1) shows that
FΣ(ℓ1) =
1
2
∆
′′
ℓ1⊂Σ(1),
which leads to the desired formula. Therefore, for our choice of admissible
bundle P over M ,
χ(I∗ (M,P )) = −2λL(M)−
1
6
|Tor(H1(M))|.

Remark. The exact sequence of the universal coefficient theorem,
0 −→ Ext(H1(M),Z2) −→ H
2(M ;Z2) −→ Hom(H2(M),Z2) −→ 0,
tells us that the ambiguity in choosing an admissible bundle ad(P ) over
M = Σ + 0 · ℓ1 resides in the group Ext(H1(M),Z2). If H1(M) has no 2-
torsion, the latter group vanishes, implying that there is a unique admissible
bundle ad(P ) over M .
5. Case of b1(M) = 2
Let L = ℓ1∪ ℓ2 be an oriented two-component link in a rational homology
sphere Σ such that ℓ1, ℓ2 are null-homologous in Σ and ℓkΣ(ℓ1, ℓ2) = 0.
There exist Seifert surfaces F1 and F2 of ℓ1 and ℓ2, respectively, such that
F1 ∩ ℓ2 = ∅ and F2 ∩ ℓ1 = ∅. If the surfaces intersect, they may be assumed
to intersect in a circle c, see [3]. The self linking number of c with respect
to either F1 or F2 is called the Sato-Levine invariant and is denoted by
s(ℓ1 ∪ ℓ2 ⊂ Σ) . To be precise, s(ℓ1 ∪ ℓ2 ⊂ Σ) = ℓkΣ(c, c
+), where c+ is a
positive push-off of c with respect to either F1 or F2. If the surfaces don’t
intersect then s(ℓ1 ∪ ℓ2 ⊂ Σ) =0.
Given a closed oriented connected 3-manifold M with b1(M) = 2, accord-
ing to Lemma 2.1, there exists an algebraically split link ℓ1 ∪ ℓ2 ⊂ Σ in a
rational homology sphere Σ such that M = Σ+ 0 · ℓ1 + 0 · ℓ2. According to
Lescop [11], Section 5.1,
λL(M) = −|Tor(H1(M))| · s(ℓ1 ∪ ℓ2 ⊂ Σ); (3)
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it is independent of the choice of surgery presentation of M . We will first
handle the case when Σ is an integral homology sphere.
Proposition 5.1. Let M = Σ + 0 · ℓ1 + 0 · ℓ2, where ℓ1 ∪ ℓ2 is a link in
an integral homology sphere Σ such that ℓkΣ(ℓ1, ℓ2) = 0. Then, for any
admissible bundle ad(P ) over M ,
χ(I∗ (M,P )) = 2 · λL(M). (4)
Proof. Let P be a U(2)-bundle over M such that w2(ad(P )) evaluates non-
trivially on both homology classes obtained by capping off Seifert surfaces of
ℓ1 and ℓ2 by meridional disks of the surgery. We will indicate this by writing
w2(ad(P )) = (1, 1) in the natural basis of Hom(H2(M),Z2). It follows from
the Floer exact triangle that
χ(I∗ (M,P )) = χ(I∗ ((Σ + 0 · ℓ1)− ℓ2))− χ(I∗ (Σ + 0 · ℓ1))
= −∆
′′
ℓ1⊂Σ−ℓ2(1) + ∆
′′
ℓ1⊂Σ(1),
hence the calculation boils down to computing Alexander polynomials of
ℓ1 ⊂ Σ and ℓ1 ⊂ Σ− ℓ2.
According to Hoste [8], there exist Seifert surfaces F1 and F2 of ℓ1 and ℓ2,
respectively, such that F1 ∩ F2 is either empty or a single ribbon intersection,
and furthermore, F1 ∩ F2 does not separate F1 or F2.
If F1 ∩ F2 is empty then ℓ1∪ ℓ2 is a boundary link and s(ℓ1∪ ℓ2 ⊂ Σ) = 0.
Moreover, (−1)-surgery along ℓ2 leaves F1 unaffected, therefore, ∆ℓ1⊂Σ(t) =
∆ℓ1⊂Σ−ℓ2(t) and χ(I∗ (M,P )) = 0 as desired.
If F1 ∩F2 is non-empty then it is a single ribbon intersection as in Figure 1.
The intersection F1 ∩ ∂F2 ⊂ ℓ2 consists of two points that separate ℓ2 into
two arcs, ℓ
′
2 and ℓ
′′
2 . Stabilize surface F1 by adding a tube with core ℓ
′
2 and
call this new modified surface F
′
1, see Figure 2. If F1 had genus g, the genus
of F
′
1 will be g + 1.
The intersection F
′
1 ∩ F2 is a closed loop c which represents a primitive
homology class in H1(F
′
1). Complete c to a basis {e1, c, e3, ..., e2g+2} of
H1(F
′
1), where e1 is a meridional curve of ℓ2 and {e3, ..., e2g+2} is a basis for
H1(F1). Using general position argument we will assume that em ∩ F2 =
∅ and hence ℓkΣ(em, ℓ2) = 0 for m ≥ 3. In addition, it is obvious that
7
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ℓkΣ(e1, ℓ2) = ±1, and that ℓkΣ(c, ℓ2) = ℓkΣ(c
+, ℓ2) = 0, where c
+ is a
positive push-off of c with respect to F2. To summarize, we have the matrix
E =


ℓkΣ(e1, ℓ2)
ℓkΣ(c, ℓ2)
...
ℓkΣ(e2g+2, ℓ2)


=


±1
0
...
0


.
This matrix accounts for the difference in the Seifert matrices of ℓ1 when
viewed as a knot in Σ and Σ− ℓ2. To be precise, according to Hoste [8],
V (ℓ1 ⊂ Σ− ℓ2) = V (ℓ1 ⊂ Σ) + E ·E
⊤. (5)
We would like next to determine the Seifert matrix V (ℓ1 ⊂ Σ) with respect
to the basis {e1, c, e3, . . . e2g+2} in H1(F
′
1). To begin, ℓkΣ(e1, e
+
1 ) = 0 since
the push off e+1 is disjoint from the meridional disk D of e1. For m ≥ 3, the
curve em lies on the surface F1. Therefore, its push-off e
+
m can be isotoped
to make it disjoint from D so ℓkΣ(e1, e
+
m) = 0. Similarly ℓkΣ(em, e
+
1 ) = 0
for m ≥ 3. Next, ℓkΣ(c, e
+
1 ) = ±1 and since c
+ does not intersect the
meridional disk bounded by e1, ℓkΣ(e1, c
+) = 0. To finish the calculation,
observe that V (ℓ1 ⊂ Σ)−V (ℓ1 ⊂ Σ)
⊤ = −I, where I : H1(F
′
1)×H1(F
′
1)→ Z
denotes the intersection form given by I(v,w) = v · w. By general position
argument, c · em = 0 hence ℓkΣ(c
+, em)−ℓkΣ(c, e
+
m) = 0. For m ≥ 3, denote
ℓkΣ(c
+, em) = ℓkΣ(c, e
+
m) = am−2. Finally, ℓkΣ(c, c
+)= s by the definition
of s = s(ℓ1 ∪ ℓ2 ⊂ Σ). Therefore, we obtain the matrix
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V (ℓ1 ⊂ Σ) =


0 0 0 · · · 0
±1 s a1 · · · a2g
0 a1
W
...
...
0 a2g


where W is the Seifert matrix of ℓ1 with respect to the basis e3, . . . e2g ∈
H1(F1). Using Hoste’s formula (5), we obtain
V (ℓ1 ⊂ Σ− ℓ2) =


1 0 0 · · · 0
±1 s a1 · · · a2g
0 a1
W
...
...
0 a2g


Now we are ready to compute the Alexander polynomials. Denote V (ℓ1 ⊂
Σ− ℓ2) by V and let z = t
1/2 − t−1/2. Then
t1/2V − t−1/2V ⊤ =


z ∓t−1/2 0 · · · 0
±t1/2 sz a1z · · · a2gz
0 a1z
t1/2W − t−1/2W⊤
...
...
0 a2gz


Hence det(t1/2V − t−1/2V ⊤) =
= z
∣∣∣∣∣∣∣∣∣∣∣
sz a1z · · · a2gz
a1z
t1/2W − t−1/2W⊤
...
a2gz
∣∣∣∣∣∣∣∣∣∣∣
∓ t−1/2
∣∣∣∣∣∣∣∣∣∣∣
∓t−
1
2 0 · · · 0
a1z
t1/2W − t−1/2W⊤
...
a2gz
∣∣∣∣∣∣∣∣∣∣∣
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= z3
∣∣∣∣∣∣∣∣∣∣∣
sz−1 a1 · · · a2g
a1
t1/2W − t−1/2W⊤
...
a2g
∣∣∣∣∣∣∣∣∣∣∣
+ det(t1/2W − t−1/2W⊤)
= s z2 · det(t1/2W − t−1/2W⊤) + z3 · f(t) + ∆ℓ1⊂Σ(t)
for some function f(t), which is a polynomial in t1/2 and t−1/2. Therefore,
∆ℓ1⊂Σ−ℓ2(t) = sz
2∆ℓ1⊂Σ(t) + z
3f(t) + ∆ℓ1⊂Σ(t).
Next we differentiate twice and set t = 1. An easy calculation taking into
account that z(1) = 0 and z′(1) = 1 leads to the formula
∆
′′
ℓ1⊂Σ−ℓ2(1) = 2s ·∆ℓ1⊂Σ(1) + ∆
′′
ℓ1⊂Σ(1) = 2s+∆
′′
ℓ1⊂Σ(1).
Therefore,
χ(I∗ (M,P )) = −2s(ℓ1 ∪ ℓ2 ⊂ Σ) = 2 · λL(M).
The above calculation holds for a specific bundle which has w2(ad(P )) =
(1, 1). We will now prove the result for admissible bundles with w2(ad(P )) =
(0, 1) and w2(ad(P )) = (1, 0) using the fact that λL(M) = −|Tor(H1(M))| ·
s(ℓ1∪ℓ2 ⊂ Σ) is an invariant of the manifoldM and therefore is independent
of the surgery presentation.
Without loss of generality, let us assume that w2(ad(P )) = (1, 0). After
sliding ℓ1 over ℓ2, we will obtain a new surgery presentation for M , namely,
M = Σ+ 0 · ℓ1 + 0 · ℓ♯, where ℓ♯ is the new knot obtained by sliding ℓ1 over
ℓ2. Note that ℓ♯ bounds a Seifert surface which is a band sum of F1 and F2
and also that ℓkΣ(ℓ1, ℓ♯) = 0. In the new basis, w2(ad(P )) = (1, 1), hence
χ(I∗ (M,P )) = s(ℓ1 ∪ ℓ♯ ⊂ Σ) by the above argument. The independence of
surgery presentation then implies that s(ℓ1 ∪ ℓ♯ ⊂ Σ) = s(ℓ1 ∪ ℓ2 ⊂ Σ) and
therefore χ(I∗ (M,P )) is independent of the choice of admissible bundle. 
Example. Given a two component link L = ℓ1∪ ℓ2 in an integral homology
sphere Σ, Harper and Saveliev [7] defined its Floer homology I∗(Σ,L) as
follows. The link exterior X = Σ \ int N(L) is a compact manifold whose
boundary consists of two 2-tori. Furl it up by gluing the boundary tori
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together via an orientation reversing diffeomorphism ϕ : T 2 −→ T 2 chosen
so that the resulting closed manifold Xϕ has homology of S
1 × S2. Then
I∗(Σ,L) = I∗(Xϕ).
The manifold Xϕ has the following surgery description, see [7]. Attach a
band from one component of L to the other, and call the resulting knot k1.
Let k2 be a small unknotted circle going once around the band with linking
number zero. Then Xϕ is the manifold obtained from Σ by performing
surgery on the link k1 ∪ k2, with k1 framed by ±1 and k2 framed by 0.
A quick argument with Floer exact triangle shows that I∗(Xϕ) = I∗(Y, P ),
where Y is the manifold obtained by surgery on the link k1 ∪ k2 with both
components framed by zero. Since the link k1 ∪ k2 is algebraically split, it
follows from equations (3) and (4) that
χ(I∗(Σ,L)) = χ(I∗(Y, P )) = −2s(k1 ∪ k2).
A straightforward calculation then shows that s(k1 ∪ k2) = ±ℓkΣ (ℓ1, ℓ2),
which recovers the formula χ(I∗(Σ,L)) = ±2 · ℓkΣ (ℓ1, ℓ2) of [7].
Before we move on to the case when H1(M) has non-trivial torsion, we
will establish a fact which we will need for the calculations. Recall that if
Σ is a rational homology sphere and k is an arbitrary knot in Σ, then there
exists an integer q such that q · k represents a zero in H1(Σ). For any other
knot ℓ in Σ, the linking number ℓkΣ(q · k, ℓ) is defined as the intersection
number of a Seifert surface of q · k with ℓ, and one further defines
ℓkΣ(k, ℓ) =
1
q
· ℓkΣ(q · k, ℓ) ∈ Q.
Lemma 5.2. Let Σ be a rational homology sphere, ℓ2 ⊂ Σ a null-homologous
knot and k1, k2 knots in ΣrN(ℓ2). Then,
ℓkΣ−ℓ2(k1, k2) = ℓkΣ(k1, k2) + ℓkΣ(k1, ℓ2) · ℓkΣ(k2, ℓ2). (6)
Proof. If k1, k2 are null-homologous in ΣrN(ℓ2), the proof proceeds exactly
as in [8, Lemma 1.2]. If k1 and k2 are arbitrary knots in Σ r N(ℓ2), there
exist non-zero integers q1, q2 such that q1 ·k1 and q2 ·k2 are null-homologous
in ΣrN(ℓ2) and therefore in Σ− ℓ2. Then
ℓkΣ−ℓ2(q1 · k1, q2 · k2) = ℓkΣ(q1 · k1, q2 · k2) + ℓkΣ(q1 · k1, ℓ2) · ℓkΣ(q2 · k2, ℓ2)
and the result follows by dividing both sides by q1 · q2. 
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Proposition 5.3. Let M = Σ+0 ·ℓ1+0 ·ℓ2, where Σ is a rational homology
sphere and ℓ1, ℓ2 ⊂ Σ are null-homologous knots such that ℓkΣ(ℓ1, ℓ2) = 0.
Then
χ(I∗ (M,P )) =
2 · λL(M)
|Tor(H1(M))|
for any admissible bundle ad(P ) over M whose restriction to the exterior of
ℓ1 ∪ ℓ2 ⊂ Σ is trivial.
Proof. Let P be a U(2)-bundle over M such that w2(ad(P )) evaluates non-
trivially on both homology classes obtained by capping off Seifert surfaces
of ℓ1 and ℓ2 by meridional disks of the surgery. By the Floer exact triangle,
χ(I∗ (Σ + 0 · ℓ1 + 0 · ℓ2)) = χ(I∗ ((Σ + 0 · ℓ1)− ℓ2))− χ(I∗ (Σ + 0 · ℓ1))
= −∆
′′
ℓ1⊂Σ−ℓ2(1) + ∆
′′
ℓ1⊂Σ(1).
We proceed as in the proof of Proposition 5.1 and choose Seifert surfaces
F1 and F2 which are either disjoint or intersect in a single ribbon, and
construct Seifert surfaces F
′
1 and F2 which intersect in a circle c. Complete
c to a basis {e1, c, e3, ..., e2g+2} of H1(F
′
1), where e1 is a meridional curve of
ℓ2 and {e3, ..., e2g+2} is a basis for H1(F1). Again,
E =


ℓkΣ(e1, ℓ2)
ℓkΣ(c, ℓ2)
...
ℓkΣ(e2g+2, ℓ2)


=


±1
0
...
0


We would like to determine the Seifert matrix V (ℓ1 ⊂ Σ) with respect to
the basis {e1, c, e3, ..., e2g+2} of H1(F
′
1). As e1 bounds a meridional disk D, it
is null-homologous in Σ. Since e+1 is disjoint from D, we have ℓkΣ(e1, e
+
1 ) =
0. As in the torsion free case, ℓkΣ(c, e
+
1 ) = 0 and ℓkΣ(e1, c
+) = ±1. For
m ≥ 3, the disk D can be picked to be disjoint from e+m hence ℓkΣ(e1, e
+
1 ) =
0 and similarly ℓkΣ(em, e
+
1 ) = 0. By definition, ℓkΣ(c, c
+) = s. Finally,
ℓkΣ(c
+, em) = ℓkΣ(c, e
+
m) using the fact that V (ℓ1 ⊂ Σ) − V (ℓ1 ⊂ Σ)
⊤ =
−I, where I is the intersection form on H1(F
′
1;Q). For m ≥ 3 denote
ℓkΣ(c
+, em) = ℓkΣ(c, e
+
m) = am−2. Then
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V (ℓ1 ⊂ Σ) =


0 0 0 · · · 0
±1 s a1 · · · a2g
0 a1
W
...
...
0 a2g


Because of Lemma 5.2, the Hoste formula (5) still holds. Therefore, the rest
of the proof works out as in Proposition 5.1 to show that
χ(I∗ (M,P )) = −2s(ℓ1 ∪ ℓ2 ⊂ Σ) =
2 · λL(M)
|Tor(H1(M))|
and that this is independent of the choice of admissible bundle which restricts
to a trivial bundle on the exterior of ℓ1 ∪ ℓ2 ⊂ Σ. 
Remark. The only remaining ambiguity in choosing an admissible bundle
ad(P ) over M has to do with the group Ext(H1(M),Z2). If H1(M) has
no 2-torsion, this group vanishes and Proposition 5.3 holds for an arbitrary
admissible bundle.
6. Case of b1(M) = 3
Let L = ℓ1 ∪ ℓ2 ∪ ℓ3 be an algebraically split oriented three-component
link in a rational homology sphere Σ such that each component of L is
null-homologous. Let F1, F2, F3 be Seifert surfaces of the knots ℓ1, ℓ2, ℓ3,
respectively, chosen so that Fi ∩ ℓj = ∅ for i 6= j. Define the Milnor triple
linking number µ(ℓ1, ℓ2, ℓ3) as a signed count of points in the intersection
F1 ∩ F2 ∩ F3.
Given a closed oriented connected 3-manifold with b1(M) = 3, by Lemma
2.1, there exists an algebraically split link L = ℓ1 ∪ ℓ2 ∪ ℓ3 in a rational
homology sphere Σ such that M = Σ+ 0 · ℓ1 +0 · ℓ2 +0 · ℓ3 and the compo-
nents of L are all null-homologous. According to Lescop [11],
λL(M) = |Tor(H1(M))| · (µ(ℓ1, ℓ2, ℓ3))
2. (7)
Again, λL(M) is independent of the choice of surgery presentation as above.
Proposition 6.1. Let M = Σ+0 ·ℓ1+0 ·ℓ2+0 ·ℓ3, where Σ is a rational ho-
mology sphere, ℓ1, ℓ2, ℓ3 ⊂ Σ are null-homologous knots such that ℓkΣ(ℓi, ℓj)
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=0 for i 6= j. Then
χ(I∗ (M,P )) = −
2 · λL(M)
|Tor(H1(M))|
(8)
for any admissible bundle ad(P ) over M whose restriction to the exterior of
ℓ1 ∪ ℓ2 ∪ ℓ3 ⊂ Σ is trivial.
Proof. Let P be a U(2)-bundle over M such that w2(ad(P )) evaluates non-
trivially on all three homology classes obtained by capping off Seifert surfaces
of ℓ1, ℓ2 and ℓ3 by meridional disks of the surgery. By the Floer exact
triangle,
χ(I∗ (M,P ))) = χ(I∗ ((Σ + 0 · ℓ1 + 0 · ℓ2)− ℓ3))− χ(I∗ (Σ + 0 · ℓ1 + 0 · ℓ2))
= −2s(ℓ1 ∪ ℓ2 ⊂ (Σ− ℓ3)) + 2s(ℓ1 ∪ ℓ2 ⊂ Σ)
= −2 · ℓkΣ−ℓ3(c, c
+) + 2 · ℓkΣ(c, c
+),
where c is the intersection circle c = F1 ∩ F2 of the Seifert surfaces F1 and
F2 chosen to intersect in a circle. We wish to identify the right hand side of
this equation with −2(µ(ℓ1, ℓ2, ℓ3))
2. By (6),
ℓkΣ−ℓ3(c, c
+)− ℓkΣ(c, c
+) = ℓkΣ(c, ℓ3) · ℓkΣ(c
+, ℓ3),
therefore,
χ(I∗ (M,P ))) = −2 · ℓkΣ(c, ℓ3) · ℓkΣ(c
+, ℓ3) = −2 · ℓk(c, ℓ3)
2.
Since ℓkΣ(c, ℓ3)= c · F3 = µ(ℓ1, ℓ2, ℓ3), the result follows. The independence
of admissible bundle follows by the change of basis argument as before. 
Remark. If H1(M) has no 2-torsion, by the same reasoning as in the re-
mark after Proposition 5.1, the statement of Proposition 6.1 holds for any
admissible bundle over M .
It is worth mentioning that Ruberman and Saveliev [14] showed that
1/2 · χ(I∗ (M,P )) = λL(M) mod 2 for all M with H∗(M) = H∗(T
3) using
techniques different from ours.
Example. Given a knot ℓ ⊂ S3, Kronheimer and Mrowka [9] defined its
reduced singular instanton knot homology I♮∗(ℓ) as follows. Take the knot
exterior S3 rN(ℓ) and construct a closed 3-manifold Y by attaching, along
the boundary, the manifold F × S2, where F is a punctured 2-torus. The
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attaching is done so that the curve ∂F × {point} matches the canonical
longitude of ℓ, and the curve {point} × S1 matches its meridian. Then
I∗(Y, P ) = I
♮
∗(ℓ)⊕ I
♮
∗(ℓ) (9)
for a particular choice of admissible bundle P over Y , see [9, Proposition
5.7]. One can easily see that Y is homeomorphic to the manifold obtained by
(0, 0, 0)-surgery on ℓ#Br, where Br stands for the Borromean rings. Since
the link ℓ# Br is algebraically split with µ(ℓ#Br) = 1, it follows from
equations (7), (8) and (9) that
χ(I♮∗(ℓ)) =
1
2
· χ(I∗ (Y, P )) = −1.
7. Case of b1(M) ≥ 4
For all closed oriented connected 3-manifolds M with b1(M) = n ≥ 4, the
Lescop invariant λL(M) is known to vanish.
Proposition 7.1. Let M = Σ + 0 · ℓ1 + . . . + 0 · ℓn, where n ≥ 4, Σ is
a rational homology sphere, ℓ1, · · · , ℓn ⊂ Σ are null-homologous knots such
that ℓkΣ(ℓi, ℓj) =0 for i 6= j. Then χ(I∗ (M,P )) = 0 for any admissible
bundle ad(P ) over M whose restriction to the exterior of L = ℓ1 ∪ · · · ∪ ℓn
in Σ is trivial.
Proof. Let P denote the U(2)-bundle over M such that w2(ad(P )) evaluates
non-trivially on the homology classes obtained by capping off Seifert surfaces
of the components ℓi, i = 1, . . . , n, by meridional disks of the surgery. By
the Floer exact triangle, if n = 4,
χ(I∗ (M,P )) = χ(I∗ ((Σ + 0 · ℓ1 + 0 · ℓ2 + 0 · ℓ3)− ℓ4))
− χ(I∗ (Σ + 0 · ℓ1 + 0 · ℓ2 + 0 · ℓ3))
= −2 · ℓkΣ−ℓ4(c, ℓ3)
2 + 2 · ℓkΣ(c, ℓ3)
2.
The result now follows because
ℓkΣ−ℓ4(c, ℓ3)− ℓkΣ(c, ℓ3) = ℓkΣ(c, ℓ4) · ℓkΣ(ℓ3, ℓ4) = 0,
using equation (6) and the fact that ℓk(ℓ3, ℓ4) = 0.
If n ≥ 5, choose an admissible bundle ad(P ) whose restriction to the
exterior of L ⊂ Σ is trivial, and proceed by induction. Suppose that
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χ(I∗ (M
′, P )) = 0 for all M ′ with b1(M
′) = k, where 4 ≤ k ≤ n − 1.
Let M = Σ + 0 · ℓ1 + . . . + 0 · ℓn, where ℓi are null-homologous knots in a
rational homology sphere Σ such that ℓkΣ(ℓi, ℓj) =0 for i 6= j. Then by the
Floer exact triangle
χ(I∗ (M,P )) = χ(I∗ ((Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1)− ℓn))
− χ(I∗ (Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1)).
Since
b1((Σ− ℓn) + 0 · ℓ1 + . . .+ 0 · ℓn−1) = b1(Σ + 0 · ℓ1 + . . .+ 0 · ℓn−1) = n− 1,
we conclude that χ(I∗ (M,P )) = 0. 
Remark. As before, the result holds for all admissible bundles over M if
H1(M) has no 2-torsion; the latter restriction can conjecturally be removed.
8. An example
The following example illustrates the appearance of the factor |TorH1(M)|
in the Lescop invariant from a gauge-theoretic viewpoint.
Let Y be a closed oriented 3-manifold with torsion-free first homology of
rank at least one, and consider the manifold M = Y # L(p, q) obtained by
connect summing Y with a lens space L(p, q). It follows from the connected
sum formula in Lescop [11] that
λL(M) = p · λL(Y ) = |TorH1(M)| · λL(Y )
but we wish to explain the factor |TorH1(M)| from a gauge-theoretic view-
point.
Let P be an admissible bundle overM obtained by matching an admissible
bundle Q over Y with a trivial bundle over L(p, q). As in [14, Section
3.2], the holonomy map provides a bijective correspondence between gauge
equivalence classes of projectively flat connections in P and conjugacy classes
of projective representations
α : π1(Y # L(p, q))→ SU(2)
with the Stiefel–Whitney class w2(P ). Since π1(Y #L(p, q)) = π1(Y ) ∗
π1(L(p, q)) is a free product, all such α will be of the form α = β ∗ γ,
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where β : π1(Y ) → SU(2) is a projective representation with the Stiefel–
Whitney class w2(Q), and γ : π1(L(p, q)) → SU(2) is a representation. We
will assume for the sake of simplicity that the character variety of π1(Y ) is
non-degenerate; the general case can be handled using perturbations. Note
that since β is irreducible, each pair of conjugacy classes [β], [γ] gives rise to
a family of [α] parameterized by SU(2)/Stab(γ).
We will next examine the SU(2)-character variety of π1(L(p, q)). Since
π1(L(p, q)) = Zp is abelian, one may assume after conjugation that the image
of a representation γ : π1(L(p, q)) → SU(2) is a unit complex number. Fix
a generator 1 ∈ π1(L(p, q)), then such representations γ correspond to the
roots of unity γ(1) = exp(2πin/p), with 0 ≤ n ≤ p − 1. The number of
conjugacy classes of γ and the size of Stab(γ) depend on the parity of p as
follows.
When p is odd, the trivial representation θ corresponding to n = 0 is
the only central representation. Its stabilizer equals SU(2) hence it gives
rise to a single point in the character variety of π1(M) for each [β]. Other
representations γ are non-central and, since cos(2πn/p) = cos(2π(p−n)/p),
there are (p − 1)/2 conjugacy classes of them enumerated by tr(γ(1)) =
2 cos(2πn/p), 1 ≤ n ≤ (p−1)/2. Since each of these γ has stabilizer U(1), it
gives rise to a copy of SU(2)/U(1) = S2 in the character variety of π1(M)
for each [β].
When p is even, there are two central representations, ±θ, each giving
rise to two points in the character variety of π1(M) for each [β]. Like in the
odd case, each of the remaining (p − 2)/2 conjugacy classes corresponding
to tr(γ(1)) = 2 cos(2πn/p) gives rise to a 2-sphere’s worth of representations
in the character variety of π1(M) for each [β].
One can easily see that the 2-spheres in the character variety of π1(M)
described above are non-degenerate in the Morse–Bott sense. Therefore,
each of them contributes ±χ(S2) = ±2 to the Euler characteristic of the
instanton Floer homology of M . The latter follows for instance from [15,
Theorem 5.1] which compares the Wilson loop perturbations of Floer [5] to
Morse-type perturbations. The signs of these contributions can be figured
out by either computing the Floer indices of β ∗ γ or by using an ad hoc
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argument equating the Euler characteristic of instanton homology to the
Lescop invariant.
The final outcome is that each [β] in the character variety of π1(Y ) con-
tributes 1 + 2 · (p − 1)/2 = p to the Euler characteristic χ(I∗ (M,P ) if
p is odd, and it contributes 2 + 2 · (p − 2)/2 = p if p is even. In both
cases, this results in the desired formula χ(I∗ (M,P )) = p · χ(I∗ (Y,Q)) =
|TorH1(M)| · χ(I∗ (Y,Q)).
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